IE 521 Convex Optimizatin UIUC, Spring 2017
N. He

Homework #1 - Solution

Due Feb 15 (Wednesday) at the beginning of class
Part of solutions are provided by Xiaobo Dong.

Problem 1: Convex Sets

A real-valued function on R" is called a norm, denoted as || - ||, if it satisfies the three properties:

e (positivity): Yx € R",||z|| > 0; ||z|| = 0 if an only if z = 0;
o (homogeneity): Vx € R", a € R: |azx| = |af - ||z;

e (triangle inequality): Yx,y € R" : ||z + y|| < |||l + |ly]|-

The standard norms on R™ are the £,-norms (p > 1):

n 1/p
]| := <Z |x¢!p>
=1

e [Euclidean norm]: p =2, ||z[j2 := /> ieq 27

e [Manhattan norm|: p =1, ||z|1 := > 1 |zil;

e [Maximum norm|: p = 00, ||#]|c := maxi<i<p |2

Exercise 1.1 (Dual Norm) The dual norm of || - || on R" is defined as

T
zlly = max z'y
Iz yeR™:|ly[|<1

(a) Prove that || - ||« is a valid norm.

(b) Denote ||z« as the dual norm to the £,-norm (p > 1). Show that
1 1
|z|lps = l|lzllqs Where = + = =1.
" ! p q

Hence, || - [l = [ ll2, 1 16 = {1 loos I loos = 11 [[1-



Solution
(a) The positivity property is true, because we know

z|[s = max aTy>2T0=0
yeR™:||y[I<1

The homogeneity property is true, because we know

T
arlls = max oar y=|a/- max x y=|o|-|x
loall. = _max  exty=laf- max 27y =la]-[z]l.

The triangle inequality property is true, because we know

T+ Z||x = max T + z)Ty = max :I:Ty + zTy
ot 2lle = st )
Let y* be the optimal solution of the above. Then, we have
o+ 2l =27y + 2Ty < max  aTy+  max 2Ty =|lall. + Izl
yER™||yl[<1 yER™||y||<1
(b) For 1 < p,q < oo, we have
[#llpe = max o
yeR™yllp<1

Now consider the following with Holder’s inequality

n
2Ty <Y lzayal < Myllp - llzllq < [llq
i=1

Now the remaining part is to find a y such that the equality can hold. Let z; = sign(ax;)|z;|97" for
all 7 € [1,n]. We calculate

n
inzl = lesagn )|t Z |z:|? = ||=||2
i=1

=1

Further, we calculate

n n

=l =D lailP =

=1 i=1

n

ZI = |ai|" = ||l

=1

sign(x;)|x; |7 1

Now constuct y = , and we have ||y||, = 1. Then we have

n

n
% 1
szyzzzxz : :721’1'2@': Iz ||q/p|\ ||q [|llq

2= 2 T T, 2=

Therefore,
zllp = [zl

For p =1 and ¢ = oo or p = oo and ¢ = 1, they are the trivial cases. The proof is similar but make
1 and oo be the pairs accordingly.



Exercise 1.2 (Unit Ball) The unit ball of any norm || - || is the set

One can easily see that By, is symmetric w.r.t. the origin (x € By if and only —z € B”,”) and
compact (closed and bounded) with nonempty interior. Show that the set B, is convex.

Solution For any x,y € By, and for A € [0,1]. Then we have
Az + (1 = Nyl < [[Az]] + [[(1 = Nyl] < Mfa]| + X = N[yl <A+ (1 -A) =1

Therefore, Az + (1 — A)y € Bj,|. Hence, B is a convex set.

Exercise 1.3 (Vice Versa) Let B be convex, symmetric w.r.t. the origin, and compact with
nonempty interior. Show that the following function || - || 5:

||l = inf{t > 0 : % € B}

is a valid norm. Moreover, its unit ball is exactly the set B.

Solution The positivity property is true, because we know
x
l|z||p = inf{t > 0: 7 € B} >0

If||z||p = 0, then x € tB,Vt > 0, so x = 0.

The homogeneity property is true, because we know

|laz||p = inf{t >0: — EB}—mf{at >0: IEB}—amf{t >0: EB}—aHxHB

at
To show the triangle inequality property is true, it is suffient to show that

xr+y

—— € B
|zll5 + llyll5
This is true because by definition of [|z[|s and |[y||, i, € B and i € B. Since B is a convex
set,
vy ells o« blls v g
lzlls + 1yl lzlls +1lylle llzlls ~ llzlls+ylls lyls
Moreover,

BH.||B={$ERn:H$||B§1}
:{xER”:inf{t>0:%€B}§l}
={re€eR":xz€ B}

The last step come from the fact that if z ¢ B, then inf{t > 0: § € B} > 1, which is a contradiction.



Exercise 1.4 (Neighborhood of Convex Sets) Let X C R" be a convex set and let € > 0.
The e-neighborhood of the set X under norm || - || is defined as

X ={xeR": inf ||z —y| <€}
{a Jnf [|lz —yll < e}

Prove that X°€ is a convex set.

Solution Let z and y be two arbitary elements in X¢. Then we have for any ¢ > e,
Ju,v € X,s.t. ||z —ul| <€, |ly—v| <€.
For any A € [0, 1], 3Au+ (1 — A\)v € X, such that
I + (1= Ny] = D+ (1= Al < Al —ull + (1= )}y = b)) < ¢

This implies that Az + (1 — \)y € X°.

Problem 2: Strong Duality

Recall that in class we have shown the

[Farkas’ Lemmal] Let A € R™*™ and b € R™, exactly one of the two sets must be empty:

()): {zreR": Az =b,2 >0}
(@) : {yeR™: ATy <0,b7y >0}

Exercise 2.1 (Variant of Farkas’ Lemma) Prove the following variant of Farkas’ Lemma:
exactly one of the following sets must be empty:

(1): {zeR": Ax <b}
(i) : {yecR™:y>0 ATy =0,y <0}

Solution We first show that system (i) is feasible — system (ii) infeasible Suppose there is a
x € R" such that Ax < b, then for any y > 0, we have

xT(ATy) = (Aw)Ty < by
If system (ii) is feasible, then there exists y > 0, ATy = 0,5y < 0, which implies
0=a"(Ay) <bTy <0

leading to a contradiction. Therefore, (ii) is infeasible.



We now show that system (i) infeasible — system (ii) feasible We can rewrite Az < b as A(z™ —
x7) + s =b, where (z*,27,5) > 0. Hence,

zt xt xt
{fr:Az<ble |z |:[A A Il |z7|=b, |2 | >0
s s s

By Farkas’ Lemma, the infeasibility of this system implies that there exists y such that

by <0, [A —A 1]

y=>0
This implies that y > 0, ATy = 0,b"y < 0. Namely, system (ii) is feasible.

Overall, we know exactly one of them is empty.

Exercise 2.2 (Duality of Linear Program) The above lemma can be used to derive strong
duality of linear programs. Consider the primal and dual pair of linear programs:

min ¢’z st Az =b2 >0 (P)
max bly st ATy <c (D)
y

Assume that the problem (P) has an optimal solution z, with finite optimal value p.

(a) Let y be a feasible solution to (D), show that b’y < p..

(b) Apply the above variant Farkas’ lemma to show that the following system
{y: A"y <c,y"b>p.}

is nonempty, namely, there exists y that satisfies
AT c
< .
{bT] = [pj

Solution (a) Let y be a feasible solution to (D), then ATy < c. Hence,

by = (Az.)"y = 2 (ATy) < alc=p..

(b) Suppose the above system is not feasible. By the variant of Farkas’ Lemma, I\ = { /\)\ } >0,
0

such that

AN —Xb =0
Me— Aop* <0



If Ap > 0, then A(/\%) = b and cT(%) < px«, contradicts with p, being optimal
If A\ = 0, then A\ = 0, \T¢ < 0. then we can construct a feasible solution = = x, + A that leads

to small objective,

le=cl(z,+ ) < Tz, =p.

which contradicts with the optimality of z.. Therefore, the assumption is not true, i.e. above
system must be feasible.

Combining (a) and (b), we can see that if problem (P) is solvable, then the dual problem (D) is
also solvable, and the optimal values are the same.

Problem 3: Convex Functions

A function f is called log-convex if f(x) > 0,Vz € dom(f) and In(f(x)) is convex.

Exercise 3.1 (Basic Properties) Show that

(a) If f is log-convex, then f is also convex.

(b) f is log-convex if and only if VA € [0,1],Vx,y € dom(f), we have f(Az + (1 — N)y) <
F@) fly)' =

Solution (a) Let g(z) = In(f(z)). Since f is log-convex, then g(x) is convex. Note that f(x) =
¢9(*) is the composition of exponential function (convex and monotonically increasing) and a convex
function, then f is also convex.

(b) This is because

f(z) is log-convex < In(f(x)) is convex
& Vr,y € dom(f),VA€[0,1], In (f(Az 4+ (1= N)y)) < Aln(f(2)) + (1= A)In(f(y))

& Va,y € dom(f),¥A € [0, 1], e (FOe+0-09) < A (7@)+0-0 1 (50)
& Vr,y € dom(f),VA € [0, 1], Az + (1— Ny) < (@) f(y)'

Exercise 3.2 (Examples) Show that the following functions are log-convex.

(a) Exponentials: f(z) = e is log-convex on R;

(b) Sum of exponentials: f(u,v) = e* + e’ is log-convex on R2.



Solution (a) First of all, we have f(x) > 0. Moreover, we have

In (f(z)) = ax
is a linear function and is a convex function. Thus, f is log-convex.

(b) First of all, we have f(u,v) > 0. It suffices to show that the function g(u,v) = In (f(u,v)) =
In (¢ + e¥) is convex. The Hessian of function g(u,v) is given by

elel elel
U o0)2 T (euLev)2

T (eutev)? (e +ev)?

Since V2g(u,v) = 0, g(u,v) is convex.

Exercise 3.3 (Convexity-Preserving Operation) If f and g are log-convex, then f+ g is also
log-convex.

Solution Let u(x) = In(f(x)) and v(x) = In(g(x)). Since f and g are log-convex, we know that
u(z) and v(z) are convex. We already show that the function h(u,v) = In(e" + €”) is convex in
(u,v). It is easy to show that this function is also coordinate-wise non-decreasing since the gradient
is always positive. Hence, the composition

h(z) = In(e"® 4 ()

is also convex. By definition of u(z) and v(x), we have h(x) = In(f(x) 4+ g(z)). Therefore, f + g is
log-convex.

Problem 4: Convex Sets and Convex Functions

Denote 8™ as the set of real symmetric matrices of size n x n. Denote S as the set of positive semi-
definite matrices in S". Denote S* | as the set of positive definite matrices in S". The inner product
between two matrices in S™ is defined as (X,Y) = Trace(XTY) = Trace(XY) = > k=1 ThIYki-

Exercise 4.1 (Positive Semidefinite Cone) Recall that set C is a convex cone if Vx,y € C,
A1z + Aoy € C for any Ai, A2 > 0. Prove that the set S is a convex cone.

Solution Let matrix A and B be in S7. Then for any x € R", we have zT Az > 0,27 Bx > 0.

Then for any Ay > 0 and Ay > 0, we have

xT()\lA + X\oB)x = Mzl Az + AoxT Bx > 0

Therefore, S is convex cone.



Exercise 4.2 (Linear Matrix Inequalities) Let Aj,..., Ag, B € 8" be symmetric matrices.
Show that the following set

k
C:{xGRk:B—inAiGSﬁ}
i=1
1S convex.

Solution C can be considered as the inverse affine image of the set S under the affine mapping
k
A(xz):x— B — ZTL’Z'AZ

ie. C=A"1(S"). Since S" is convex, C is also convex.

Exercise 4.3 (Log-Determinant) Follow the steps below to show that the negative log-determinant
function f(X) = —In(det(X)) : ST, — R is convex. Consequently, det(X)™! is log-convex.

(a) Define ¢(t) = —In(det(X + tH)). Verify that ¢(t) is well defined on an open interval I(X, H)
that contains the origin.

(b) Prove that ¢(t) = ¢(0) — 31, log(1 +t);), where Ay, ..., \, are eigenvalues of X~ 1/2HX~1/2,

(c) Combine (a) and (b) to show that f(X) is convex on S} .

Solution (a) First of all, we know when ¢ = 0, ¢(t) = —In(det(X)) is well defined. Moreover, we
know in order to make ¢(t) be well defined, we need det(X +tH) to be positive. Since det(X +tH)
is a continuous function in terms of ¢, then we know that an open interval which is related to H
and X including 0 have det(X +tH) > 0.

(b)
—1In ( det X—i—tH )

IOH

—1In

det (X7(I +tX 7HX™ )X5)>

-

(0
(0

~1In <det X7)det (I +tX 2 HX " 2)det(X %))
(0

= —In [ det I—i—tX 2HX )det(X)>

=—1In <f[(1 + t)\i)> — In(det(X))
i=1
- Z In(1+tA;) + ¢(0)

i=1



(c) Since

=2 17

=1
n

s.

n

7>0
pt (14tX;)?

Therefore, ¢(t) is a convex function for any X, H. Hence, f(z) is convex.

Problem 5: Convex Optimization

Exercise 5.1 (Convex Reformulation) Show that the following optimization problem
min  f(z):= max |log(alz) — log(b)|
T k=1,...,n

st. 0<z; <1l,e=1,...,m

where ar € R™, b € R,k =1,...,n are given, is equivalent to the following optimization problem

i h(alz/b
min - max (aj, x/br)

st. 0<z; <1l,e=1,...,m

where h(u) = max(u, 1/u) for u > 0. And show that the above problem is a convex program.

Solution

max |log(a;x) — log(by)| = max |log( alka)\

by,
akflf

)}

ol

— ap

_k_m’a)fmmax{log( b ) log(
T

B apv by

= Imax log(max{—bk y —— )

=1,....m

T
_ e
= nax logh(( b ))

=1,....m

T
CLkSC

Since the log function is monotonic,
T T

a a
arg min  max |log( alx log(by)| = arg min  max logh —arg min max h(-E=
gx0<x<1k } g(a) — log(by ‘ gaﬁ0<x<lk m & ( by ) ga;:ogxglk:L...,m ( by )

Therefore, they are equivalent.



Next, since the constraint is obviously a convex set, to show the above program is a convex program,

T
. a; T .
we need to show the function maxg—1 ., h(lf—k) is convex.

T
Since h(u) = max(u, 2) is convex on u > 0 (both u, 1/u are convex on u > 0). Therefore, h(%)

is a convex function. And we know taking pointwise maximum preserves convexity; therefore,

azx .
maxg=1,..m h(W) remains convex.

10



